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1 gap Weierstrass





. 9 , $\mathbb{F}_{(}$, $q$ . $7l$ $(\mathbb{F}_{q})^{n}$
$v$ .
2.1 $v=(v_{1}, \ldots, l_{n}^{t})\in(\mathbb{F}_{q})^{n}$ , wt(v) $d_{=^{ef_{\#}}\{i}|v_{i}\neq 0\}$ $v$ (Hamming)
.
,
$($ i $)$ wt $($ v $)$ $\geq 0$ wt $($ v $)$ $=0\Leftrightarrow v=0$ .
(ii) wt$(v+v’)\leq$ wt $(v)+$ wt $(v’)$
.
22 $v,$ $v’\in(\mathbb{F}_{q})^{rt}$ , $p(v, v’)^{d}=^{ef}$ wt$(v-v’)$ $\rho$ $(\mathbb{F}_{q})^{\prime I}$ . .
Hamming .
( C) (19540058) .
1 -$R^{\cdot}$ $|$ .$\check$ . .
1604 2008 90-100 90
$((\mathbb{F}_{q})^{\gamma l}, \rho)$
. .
23 $C$ $(\mathbb{F}_{q})^{n}$ $\mathbb{F}$q- , $C$ ( ) . $C$ $[n, k, d]$ - 2(
, $q$ $q$ $[n, k, d]_{q}$- )
.
$n$ $C$ $(\mathbb{F}_{q})^{n}$ ,
$k=k(C)=\dim C$ ,
$d=d(C)=$ inin$\{\rho(v,$ $v’)|v,$ $v’\in C,$ $V \neq v^{/}\}=\min\{$ $($ v $)$ $|V\in C\backslash \{0\}\}$ .
$d(C)$ $C$ ( , ) .
2 p-isometry $(\mathbb{F}_{q}’)^{n}$ $C$ .
$n$ , $k$ $d$ , 2
.
2.4 (Singleton bound) $C$ $[r\iota, k, d]$- . , $k+d\leq n+1$ .
,
$\pi:C\hookrightarrow(\mathbb{F}_{q})^{n}$ $arrow$ $(\mathbb{F}_{q})^{n-(d-1)}$
$(v_{1}, \ldots, v_{n-(d-1)}, \ldots, v_{n})$ $\mapsto$ $(v_{1}, \ldots, v_{n-(d-1)})$
, $ker(\pi)$ 1 $n-(d-1)$ $0$ : $(0, \ldots, 0^{\bigwedge_{*.*}^{d.-1}})$ .
$d(C)=d$ , $*$ $0$ . , $\pi$ injective ,
$\dim C\leq\dim(\mathbb{F}_{q})^{7\prime.-(d-1)}$ .
25 $(\mathbb{F}_{q})^{r\iota}$ 2
$( \mathbb{F}_{q})^{n}x(\mathbb{F}_{q})^{n}\ni((x_{1}, \ldots, x_{n}), (y_{1}, \ldots, y_{n}))\mapsto\sum_{?=1}^{n}x_{i}y_{i}\in(\mathbb{F}_{q})^{n}$
, 2 $[n,$ $k|$ - $C$ $C^{\perp}$ .
, $[n, n-k]$- . $C^{\perp}$ $C$ .
$(C^{\perp})^{\perp}=C$ , $C^{\perp}$ , $(n-k)xn$
$H$ , $C$ $H{}^{t}(x_{1},$
$\ldots,$ $x_{n})=t0,$ $\ldots,$ $0)$ .
$d(C)= \min${ $s\in \mathbb{N}|H$ $s$ 1 }













$x= \frac{X}{Z},$ $y= \frac{Y}{Z}$ , $\mathcal{X}$ (
) . $x$ $y$
$y^{3}+y=x^{4}$ (2)
. $\mathcal{X}$ .
, $x,$ $y$ , $\overline{x},\overline{y}$ , F32 $[\tilde{x},\tilde{y}]/(\tilde{y}^{3}+\tilde{y}-\tilde{x}^{4})$
$\tilde{x},\tilde{y}$ . , , , ,
, $\mathbb{F}_{32}[x, y]=\mathbb{F}_{32}[\overline{x},\tilde{y}|/(\tilde{y}^{3}+\tilde{y}-\tilde{x}^{4})$ . $\tilde{y}^{3}+\tilde{y}-\tilde{x}^{4}$
( ) $\mathbb{F}_{32}[x, y]$ . $\mathbb{F}_{32}(x, y)$ $\mathcal{X}$
. $\mathcal{X}$ , $\mathbb{F}_{32}(\mathcal{X})$ . $\mathbb{F}_{3^{2}}$ $K$
, $K$
-
$\llcorner$ $K(\mathcal{X})$ . $K(\mathcal{X})=K\cdot \mathbb{F}_{3^{2}}(\mathcal{X})$ .
$\mathcal{X}$
$\mathbb{F}_{3^{2}}$ $\mathbb{F}_{32}$- . $\mathcal{X}$ $\mathbb{F}_{3^{2}}$ -
$\mathcal{X}(\mathbb{F}_{3^{2}})$ .
$\mathcal{X}(\mathbb{F}_{3^{2}})$ . $t^{2}+1$ $\mathbb{F}_{3}=\{0,1, -1\}$ , $t^{2}+1=0$
$\eta$ , $\mathbb{F}_{32}=\mathbb{F}_{3}[\eta]$ . $\mathbb{P}^{2}$ , $Z=0$ (1) $(0,1,0)$
. $P_{\infty}$ . $\mathcal{X}(\mathbb{F}_{3^{2}})\backslash \{P_{\infty}\}$ $(\alpha, \beta, 1)$ ( , $(\alpha, \beta)$ (2)
) $(\alpha, \beta)$ $P_{\alpha,\beta}$ . ,
,
$\mathcal{X}(\mathbb{F}_{3^{2}})\backslash \{P_{\infty}\}$ $=$ $\{P_{0},{}_{0}P_{0},{}_{?l}P_{0,-7\prime}\}$
$\cup$ $\{P_{\alpha,\beta}|\alpha=1, -1, \eta, -\eta;\beta=-1, -1+\eta, -1-\eta\}$
$\cup$ $\{P_{\alpha,\beta}|\alpha=1+\eta, 1--\eta, -1+\eta, -1-\eta;\beta=1,1+\eta, 1-\eta\}$
.
$\mathcal{X}$ $Q$ , $\mathcal{O}_{Q}=$ { $f\in K(\mathcal{X})|f$ $Q$ }
, $K(\mathcal{X})$ $v_{Q}$ . $f\in K(\mathcal{X})$ , $f$ 3 $divf=$




$\mathcal{X}$ . , $D$ $D= \sum_{Q\in X}m_{Q}Q$
$(m_{Q}\in Z)$ , $Q\in \mathcal{X}$ $m_{Q}=0$ . $\{Q m_{Q}\neq 0\}$ $D$ support .
2 $D= \sum_{Q\in \mathcal{X}}m_{Q}Q,$ $E= \sum_{Q\in\chi Q}nQ$ $Q\in \mathcal{X}$ $m_{(i}\geq n_{Q}$ $D\succ E$
.
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$f\in \mathbb{F}_{3^{2}}(\mathcal{X})^{*}$ , $df$. , $\{df|f\in \mathbb{F}_{3^{2}}(\mathcal{X})^{*}\}$ $\mathbb{F}_{3^{2}}$ $(\mathcal{X}$ $)$ -
, $|$ (i) $d$ $F_{3^{2}}$ , (ii) $f\in \mathbb{F}_{3^{2}}\Rightarrow d_{-}f=0$ , (iii) $d(fg)=fdg+gd,f$
. $F_{3^{2}}$ $(\mathcal{X}$ $)$ -
1 . $\Omega_{\mathbb{F}_{3^{2}}(\mathcal{X})/F_{3^{2}}}$ . , $K$ $\Omega_{K(\mathcal{X})/K}$
. , 3 , (iii) , $df^{3}=0$ .
$\omega\in\Omega_{K(\mathcal{X})/K}$ $div\omega$ : $Q\in \mathcal{X}$ $v_{Q}(t_{Q})=1$
$t_{Q}\in K(\mathcal{X})$ 4. $d_{l}t_{Q}$ $\Omega_{\mathcal{X}/K}$ 1 $0$ , diiii$K(\mathcal{X})K(\mathcal{X})/K1$
, $f\in K(\mathcal{X})$ $\omega=fdt_{Q}$ . $f$
$\frac{\omega}{d.t_{Q}}$ } $div\omega=$
$\sum_{Q\in \mathcal{X}’}v_{Q}(\frac{\omega}{dt_{Q}})Q$ .
$dx$ $dy$ . (2) $d$ , $d(y^{3}+y)=$
$dy$ , $dx^{4}=4x^{3}dx=x^{3}dx$ $(4=1!)$ , , $dy=x^{3}dx$ . $divdx=4P_{\infty}$ 5
$divdy=3divx+divdx=3P0,0+3P_{0,\eta}+3P_{0,-\eta}-5P_{\infty}$ . [ 3.1 ]
32 $\mathbb{F}_{q}$ $\mathcal{X}$ , $\mathbb{F}_{q}$ - 6 $G$ ,
$G$ support $\mathbb{F}_{q}$- $P_{1}$ , . , $P_{n}$ . $D=P_{1}+\cdots+P_{n}$
. , $\mathbb{F}_{q}(\mathcal{X})$ $\mathcal{X}$ $\mathbb{F}_{q}$ , $\Omega_{F_{q}(\mathcal{X})/F_{q}}$ $\mathbb{F}_{q}(\mathcal{X})$
$\mathbb{F}_{q}$ . 2 $\mathbb{F}_{q}$ :
$L(G)=\{f\in \mathbb{F}_{q}(\mathcal{X})|divf+G\succ 0\}\cup\{0\}$ (3)
$\Omega(G-D)=\{\omega\in\Omega_{F_{q}(\mathcal{X})/F_{q}}|div\omega\succ(G-D)\}\cup\{0\}$ (4)
3.3 ( 3.1 ) $\mathcal{O}_{Q}$ local parametert $=t_{Q}$ ,
$K[[t]]$ . , $K(\mathcal{X})\subset K((t))$ . $\omega\in\Omega_{K(\mathcal{X})/K}$
$\frac{\omega}{dt}$ $K((t))$ $\omega=(\sum_{t\ovalbox{\tt\small REJECT}}a_{\nu}t^{\nu})dt(a_{\nu}\in K)$ , $\omega$
$Q$ rcs$\Omega^{\omega=a_{-1}}$ 7.




, $\omega 0$ $\mathcal{X}(\mathbb{F}_{3^{2}}\cdot)\backslash \{P_{\infty}\}$ $P_{a}$ 1 . , $P_{\alpha,\beta}$ local parameter
$x-\alpha$ , $res_{P_{\alpha,\beta}}\omega_{0}=1/\prod_{\gamma\in N_{s^{2}}\backslash \{\alpha\}}’(\alpha-\gamma)=-1$ .
4 $t_{Q}$ $\mathcal{X}$ $Q$ local pararrieter .
5 , .
$6\mathcal{X}$
$q$ Frobenius $F_{q}$ . 31 $(X, Y, Z)\mapsto(X^{3^{2}}, Y^{3^{2}}. Z^{3^{2}})$
. $Q\in \mathcal{X}$ , $F_{g}$- $(Q)=Q$ . $(D)=D$
(support ) , F9- .
$7_{a_{\nu}}\in K$ local parameter $t$ , $a_{-\cdot 1}$ , $Q$ local parameter $\ovalbox{\tt\small REJECT}$
.
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34( $\Omega$- ) 32 $\mathbb{F}_{q}$ (4)
$res$ : $\Omega(G-D)$ $arrow$ $(\mathbb{F}_{q})^{n}$
$\omega$ $\mapsto$ $(res_{P_{1}}(\omega), \ldots, res_{P_{1}},(\omega))$
. , $res_{P_{1}}(\omega)$ $\omega$ .
$C_{\zeta)}(D, G)^{d}=^{ef}res(\Omega(G-D))$ $(\mathbb{F}_{q})^{n}$ . $\Omega$- .
35( ) 32 $\mathbb{F}_{q}$ (3)
ev: $L(G)$ $arrow$ $(\mathbb{F}_{q})^{n}$
$f$ $\mapsto$ $(f(P_{1}), \ldots, f(P_{n}))$
, $C_{L}(D, G)$ $L$- .
Goppa ( , ) .
8 , $k$ $d$ .
( [16] )
3.6 , 3.2 $\mathcal{X}$ genus $g$ . (genus 8
. )
37 3.2, 3.6
(a) $C_{\Omega}(D, G)$ ,
$k(C_{1l}(D, G))=i(G-D)-i(G)$ ; $d(C_{\Omega}(D, G))\geq\deg G-(2g-2)$ .
(b) $C_{L}(D, G)$ ,
$k(C_{L}(D, G))=l(G)-l(G-D)$ ; $d(C_{L}(D, G))\geq n-\deg G$ .
. ( $l(*),$ $i(*)$ 8 )
,
38 32, 36 , $2g-2<\deg G<n$ . ,
(a) $C_{\Omega}(D.G)$ ,
$k(C_{\Omega}(D, G))=7l+g-\deg G-1$ ; $d(C_{\Omega}(D, G))\geq\deg G-(2g-2)$ .
(b) $C_{L}(D, G)$ ,
$k(C_{L}(D, G))=\deg G+1-g$ ; $d(C_{L}(D, G))\geq n,$ $-\deg G$ .
8
$E= \sum_{\nu=1}^{s}$ m,$\nu$Q $\mathcal{X}$ , $E$ $\deg E$ $\sum_{\nu=1}^{\epsilon}m_{\nu}$ . $L(E)=\{f\in$
$F_{q}(\mathcal{X})|divf+E\succ 0\}\cup\{0\},$ $\Omega(E)=\{\omega\in\Omega r_{l}(x)/r_{\eta}|div\omega\succ E\}\cup\{0\}$ $l(E)=\dim L(E),$ $i(E)=\dim\Omega(E)$
. $i(0)$ $\mathcal{X}$ genus , $g$ . , Riemann-Roch $l(E)=\deg E+1-g+i(E)$
. , $f$ $\deg(divf)=0$ , , $\omega$ $\deg(div\omega)=2g-2$ ,
$\deg E<0$ $l(E)=0$ , $\deg E>2g-2$ $i(E)=0$ .
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.39 $d(C_{L}(D, G))$ $n-\deg G$ $C_{L}(D, G)$ , $d(C_{\Omega}(D, G))$




310 $C_{L}(D, G)$ $C_{\Omega}(D, G)$ .
, 32 , $G’$ $C_{\Omega}(D, G)=C_{L}(D, G’)$ , $\mu isometry$
. Goppa $L$- $\Omega$-
11.
4 Weierstrass gaP




$f_{di}f\in K()$ $\gamma\gravearrow$-2-$\grave\grave|\acute\iota$x g$\tau\neq$- . . $\}$ 12 $WS(Q)$
, . $Q$ Weierstrass .
, $\mathcal{X}$ $\mathbb{F}_{l}$ , $P\in \mathcal{X}(\mathbb{F}_{q})$
$WS_{F_{q}}(P):=$ $\{m\in \mathbb{N}_{0}|$ $\grave{\grave{1}}f\in \mathbb{F}_{q}()$ $f_{arrow\ovalbox{\tt\small REJECT} y}^{*}\check{2}^{fj}-$
$T\neq$
$-$ . $\}$
, $W6_{F_{q}}^{\backslash }(P)=W6(P)$ .
$g$
$\mathcal{X}$ genus . $N_{0}\backslash WS(Q)$ $g$ , $g$
$Q$ gap .
4.2 ( 3.1, 3.3 ) $\mathcal{X}$ 3.1 .
{ $f\in \mathbb{F}_{q}(\mathcal{X})|f$ $P_{\infty}$ } $= \bigcup_{\nu=0}^{\infty}L(\nu P_{\infty})=\mathbb{F}_{q}[x, y]$
, $x$ $P_{\infty}$ 3, $y$ 4 , $P_{\infty}$ Weierstrass
, 3
$WS(P_{\infty})=\{\begin{array}{lll}0 3 4 6 7 89 10 11\vdots | \vdots\end{array}\}$
$0$ , , .
$\iota 0_{\omega\in\Omega_{h’(\mathcal{X})/K}}$ , $\sum_{P\in X}res_{P}\omega=0$ .
11 . ,




. {1, 2, 5} $P_{\infty}$ gaP .
3.2, 36 , Goppa $C_{\ovalbox{\tt\small REJECT}}L(D, G),$ $C_{\Omega}(D, G)$ .
43 $\mathcal{X}$ $\mathbb{F}_{q}$- 2 , $\mathcal{X}(\mathbb{F}_{q})=\{P_{1}, \ldots, P_{m}\}\cup\{Q_{1}, \ldots Q_{n}\}$ , $G=$
$\nu_{1}P_{1}+\cdots+\nu_{m}P_{m}(\nu_{1}, \ldots, \nu_{m}\in \mathbb{N}_{0}),$ $D=Q_{1}+\cdots+Q_{n}$ , $C_{L}(D, G),$ $C_{\Omega}(D, G)$
$m$ .
1 , $G$ support $P_{\infty}$ .
gap ( 9) Garcia and Lax[3] .




: 44 $\deg G-(2g-2)+1$ , 1
.
, S. J. Kim Garcia, Kini and Lax[4] .
4.5 (Garcia-Kim -Lax) $t$ . $\alpha,$ $\beta$ $P_{\infty}$ gap $\alpha+t\leq\beta$
$\alpha,$ $\alpha+1,$ $\ldots\alpha+t$ $\beta-(t-1),$ $\beta-(t-2),$ $\ldots,$ $\beta$ $t+1$
$t$ gaps . $G=(\alpha+\beta-1)P_{\infty}$
$d(C_{\Omega}(D, G))\geq\alpha+\beta+t-(2g-2)$
.
: 45 $\deg G-(2g-2)+t+1$ , $t+1$
.
5 Weierstrass 1
1998 Heijnen and Pellikaan $[5|$ Feng and Rao [2] Goppa
$w_{t^{1}}$.ierstra.ss , 1 .
. , 32, 36 $G=lP_{\infty}$ 1 $C_{\Omega}(D, G)$
.
5.1 $P_{\infty}\in \mathcal{X}$ Weierstrass $\{0=\rho_{1}<$
$\rho_{2}<\ldots\}$ . $C_{L}(D, \rho P)\subseteq C_{L}(D, \rho_{2}P_{\infty})\subseteq\cdots$ , $\rho k$
$C_{L}(D, \rho kP_{\infty})=(\mathbb{F}_{q})^{n}$ ( ) . , $M$ . ,
3.10 ,
$C_{\Omega}(D, \rho_{1}P_{\infty})\supseteq C_{\Omega}(D, \rho_{2}P_{\infty})\supseteq\cdots\supset C_{\Omega}(D, MP_{\infty})=(O)$
.
96
52 $\rho\iota<M$ $l$ } ,
$a(l)=\#\{\rho_{i}|$ $\rho j$ $\rho i+\rho j=\rho l+1\}$
13. ,
$b(l)=rIlix1\{a(l’)|\rho l\leq\rho l’<Mt>$ $C_{\Omega}(D,$ $\rho P)\neq C_{\Omega}(D,$ $\rho l’+{}_{1\infty}P)\}$
.
5.3 (Heijnen-Pellikaan) $C_{tl}(D, \rho lP_{\infty})\geq b(l)$ .
order bound .
5.4 4.2 Weierstrass $\rho 1\rho 2\rho_{3}\rho l+2(l\geq 4)$
. , $M=32=\rho_{30}$ . , $a(l)$ , $a(1)=2,$ $a(2)=$
$2,$ $a(3)=3,$ $a(4)=4,$ $a(5)=3,$ $a(6)=4,$ $a(7)=6,$ $a(8)=6,$ $a(9)=7,$ $a(l)=l-2(10\leq l\leq 29)$
.
3.1 .
55 $\mathbb{F}_{q}$ , $q$ . , $v^{q}$ .
$\mathcal{H}_{\sqrt{q}}:Y^{\sqrt{Cj}}Z+YZ^{\sqrt{(l}}=X^{\sqrt{fj}+1}$ (5)
$\mathbb{F}_{q}$ Hermitian .
(5) $Z=0$ (1) $(0:1:0)$ , $P_{\infty}$
, $x= \frac{X}{Z},$ $y= \frac{Y}{Z}$ . Hermitian
genus $\ovalbox{\tt\small REJECT}h_{\tilde{2}}^{1}\sqrt{q}($ $q-1)$ , genus $\mathbb{F}_{q}$- $(\sqrt{q})^{3}+1$
. Goppa
. autoiiiorphism group
, $\mathcal{H}_{\sqrt{q}}(\mathbb{F}_{q})$ 2 14. , 1 2
, 1 2 .
Hermitian 1 , $d(C_{L}(D, mP_{\infty}))$
Yang and Kumar [18] (1992 ). Hermitian
$C_{\Omega}(D, mP_{\infty})=C_{L}(D, ((\sqrt{q})_{-}^{3}+q-\sqrt{q}-2-m)P_{\infty})$ (6)
, $d(C_{\Omega}(D, mP_{\infty}))$ .
1999 Munuera and Ramirez [15] 2, 3
Hainming 15 order bound .
13
$\rho i+\rho j=\rho\iota$ !
14 , [7, Lemma 3.8] . , V $q,$ $q$ $q,$ $q^{2}$
.
$1_{d}^{r}(F_{q})^{n}$ $U$ ,
wt $U=\#\{i\in\{1, \ldots, n.\}|\exists u= (n_{1} , . . . , u_{n})\in Us t. \uparrow x_{i}\neq 0\}$
. $u\in(F_{q})^{?}$’ , $U=<u>$ 21 .
$d_{r}= \min\{wtU|U\subseteq C,$ $\dim U=r\}$
$r$ Hamming . Heijnen and Pellikaan [5] 53 $d_{1}$
$d_{r}$ $\chi$j order bound .
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, $d(C_{\Omega}(D, mP_{\infty}))$ , order bound Yangaid Kumar [18]
$d(C_{L}(D, mP_{\infty}))$ (6) .
. $P_{\infty}$ $\in \mathcal{H}$ Weierstrass
:
$\{a\sqrt{q}+b|a, b\in N_{0},0\leq b\leq\sqrt{q}-1, b\leq a\}$ . (7)
, 5.1 $M$ , $(q+$ $q-2)\sqrt{q}+\sqrt{q}-1$ . , (7) $\rho l<\Lambda f$
$C_{\Omega}(D,$ $\rho\iota^{P_{\infty})}\neq C_{\Omega}(D, p\iota+{}_{1}P_{\infty})$
$\{a\sqrt{q}+b|a, b\in N_{0},0\leq b\leq\sqrt{q}-1, a-q+1\leq b\leq a\}\backslash \{(q+\sqrt{q}-2)\sqrt{q}+\sqrt{q}-1\}$ . (8)
. (8) $a(l)$ .
56 (7) $\rho_{1},$ $\rho_{2}\ldots$ , $\rho l=a\sqrt{q}+b(0\leq b\leq v^{q-1}\prime b\leq a)$
$($ i $)$ $0\leq a=b\leq\sqrt{q}-2$ , $a(l)=a+2$ ,
(ii) $0\leq b\leq$ $-2$ $a-\sqrt{q}-1\leq b<a$ , $a(l)=(a-b)(b+2)$ ,
(iii) $0\leq b\leq\sqrt{q}-2$ $a-q+1\leq b<a$ - $q-1$” $b=_{V}q-1$ $\sqrt{q}-1\leq a\leq$
$q+\sqrt{q}-3$” , $a(l)=(a+1-\sqrt{q})\sqrt{q}+b+2$ ,
.
$b(l)$ , [18] .
6
S. J. Kim[13, 1994 ] ( , [6, 1996 ])
Weierstrass gap 2
. , 2 ,
Matthews [14] . 2 44 .
, S. 1. Kim [8] 45 . ,
Hermitian (5) 2 , $d(C_{\Omega}(D, mP_{\infty}+nP_{0}))$
1 1
.
2 , 1 [18] [9, 10, 11, 12].
[18] . $d(C_{\Omega}’(D, mP_{\infty}+nP_{0}))$
$d(C_{L}(D, mP_{\infty}+nP_{0}))$ (6) Hamming
, 2 order bound
. Beelen[1] 2
$d_{1}$ order bound ,
.
, . Garcia-Kim-Lax
, 45 No $S$ . (
98
genus $\ovalbox{\tt\small REJECT} 3;\#(N_{0}\backslash S)$ . ) , order bound , $b(l)$
$b’(l)= \min\{a(l’)|\rho l\leq\rho\iota^{J}\}$ $\mathbb{N}_{0}$ $S$ . $(a(l)$
$p\iota<M$ . ) 2
?
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